We calculate the average Kolmogorov and linear n-widths of the Wiener space in the L q -norm. For the case 1 Յ q Ͻ ȍ, the n-widths d n decrease asymptotically as n Ϫ1/2 .
INTRODUCTION
In this paper we consider average n-widths of the Wiener space C in the L q -norm. We study two kinds of average n-widths which describe best and best linear approximation of the Wiener space over all n-dimensional subspaces. The approximation problem on spaces with Wiener measure in the L 2 -norm was investigated in the book of Traub et al. (1988) . Papers concerned with average n-widths in Banach spaces include Buslaev (1988) , Heinrich (1990) , Maiorov (1990 Maiorov ( , 1993a , Maiorov and Wasilkowski (1996) , Mathe (1990) , Ritter (1990) , Pietsch (1980) , and Traub et al. (1988) . The approximation of the functionals on Banach space with measure can be found in Lee and Wasilkowski, (1986) . The problem of computing n-widths is closely connected with the problem of complexity of approximation (Traub et al., 1988) .
The asymptotic n-widths d n (C, L q , Ͷ) n Ϫ1/2 were calculated in Maiorov (1990) for the case 2 Յ q Ͻ ȍ, and in Maiorov (1993a) for the case q ϭ ȍ. In this work we prove that the same estimate is also true for the case 1 Յ q Ͻ 2. Note that the estimate for n-widths coincides with the estimate for the average spline-approximation of Wiener space in the L qnorm for all 1 Յ q Յ ȍ (Ritter, 1990) . The probabilistic n-widths of the space C r in the L ȍ -norm with respect to r-fold Wiener measure were calculated in Maiorov and Wasilkowski (1996) .
Average n-widths are defined as follows. Let X be a set, equipped with a probability measure Ȑ that is defined on Borel sets from X. Let X ʚ Y, where Y is a separable Banach space. We denote by ⌳ n (X, Y ) the set of all mappings or (nonlinear) operators ⌳ with range X in a linear subspace of dimension at most n. Let also ⌳L n (X, Y ) be the subset of ⌳ n (X, Y ) consisting of all linear operators. Let
be the average error in approximating the set X with the operator ⌳ ʚ ⌳ n (X, Y ).
We now define the average n-width of the set X in the space Y for measure Ȑ to be
Consider also the average linear n-width of set X given by
We now recall the definition of the Wiener space. Let C be the space of all continuous functions x(и) defined on [0, 1] such that x(0) ϭ 0. The measure Ͷ in C is defined as follows: (1) for every n Ն 1, Borel set B ʚ R n , and 0 ϭ t 0 Ͻ и и и Ͻ t n Յ 1 with u(0) ϭ 0; we set BЈ ϭ ͕x ʦ C: (x(t 1 ), . . . , x(t n )) ʦ B͖.
Let L q , 1 Յ q Ͻ ȍ, be the usual Banach space consisting of all functions x(и), with norm
Let c, c i , i ϭ 0, 1, . . . , be positive constants depending just upon the parameters q (and p in Section 2). For two positive sequences f n and g n , n ϭ 0, 1, . . . , we write f n Ӷ g n or f n g n if there exist constants c 1 and c 2 such that f n Յ c 1 g n or c 2 Յ f n /g n Յ c 1 for all n. THEOREM 1. Let 1 Յ q Ͻ ȍ be any number. Then the average n-widths satisfy the asymptotic estimate 
where (x) ϭ ͉x 1 ͉ q . Let ⌫(u) and B(u, v) be the gamma and beta functions. Then
From here with q ϭ 0 we have
We use the known property of gamma functions
From relations (3), (4), and (5) 
Hence for ϭ d n ϩ ͳ we obtain the statement of the lemma. Proof. We claim that
Indeed, suppose that inequality (6) 
a contradiction. From the inequality (6) it follows that
Using the relation (3) and properties of Euler functions we have
From estimates (7), (8) for c 2 ϭ c 3 /(3c 4 ), the lemma follows. We now continue the proof of the lower estimate for the n-widths d n . First, suppose that p Ն q. Then from Lemma 1 and Lemma 2 it follows that
Let ϭ 5d n . Taking logarithms in the last inequality we have for some constants c 0 , c 5 , and all m, n (with m Ն c 0 n) the estimate
If p Ͻ q then using Holder's inequality and estimate (9) for p ϭ q we obtain
This completes the proof of Theorem 2. 
Next we study average n-width of the space R m equipped with Gaussian measure by the formula
Proof. Indeed, let ⌳ be the operator such that
Obviously ⌳ is a homogeneous operator. Then using polar coordinates we have 
ESTIMATIONS OF n-WIDTHS FOR WIENER SPACE
In this section we prove Theorem 1. First, we need two auxiliary lemmas. 
Proof. Let x(и) ʦ C be any function. Build a sequence of spline functions (k ϭ 0, 1, . . .)
where ik is the characteristic function of [i/2 k , (i ϩ 1)/2 k ). Consider the linear operator P k x ϭ x kϩ1 Ϫ x k . The function x is supposed to be continuous. Therefore we can write x as a uniformly convergent series
Let ⌳ k be the extremal operator for the n-width
We consider the points on [0, 1) of the form t ik ϭ i/2
. For all even i we have ( P k x)(t ik ) ϭ 0. Consider the isomorphism from the space C k ϭ P k C to R 2 k :
where
Therefore using the definition of Wiener measure (1) we have
Consider the operator
in the space L q . Then the range can be estimated by
Therefore from (12), (14), and (13) we conclude that
LEMMA 5. For all integers m, n (with m Ͼ n) we have the inequality
Proof. Let be any positive number and ⌳ be an operator such that
Consider the operator Tx ϭ x Ϫ ⌳x. We have
From here and Fubini's theorem we derive
For every t ʦ [0, 1) and i ϭ 1, . . . , m we define the linear functional
Using the definition of Wiener measure (1), we obtain
Summarizing the relations (16), (17) 
From inequalities (15), (18) for Ǟ 0 we have
which completes the proof.
Proof of Theorem 1. Consider the integer sequence n k ϭ 2 k for k Յ kЈ, and n k ϭ 0 for k Ͼ kЈ, where k ϭ 0, 1, . . . , kЈ ϭ log 2 n Ϫ 1. Then ͚ ȍ kϭ0 n k Յ n. Using Lemma 4 and Corollary 2 we have
Using Lemma 5 and Corollary 2 we derive the lower bound
Hence Theorem 1 is proved.
Remark 1. The optimal method, which provided the upper bound for the Kolmogorov n-widths in Theorem 1, is linear. Therefore for the average linear n-widths of Wiener space C in L q -norm (1 Յ q Ͻ ȍ) the asymptotic estimate ͳ n (C, L q , Ͷ) n Ϫ1/2 holds.
